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Abstract
In this paper, we give a new method to solve the quantum coloured Yang–Baxter matrix equation
(QCYBE), and the general solution for a kind of QCYBE is given.
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1. Introduction
Let A(u), B(u) be m × m matrices with meromorphic function entries of u. By the so-called
Yang–Baxter equation (YBE) one means the matrix equation
A(u)B(u + v)A(v) = B(v)A(u + v)B(u). (1.1)
The YBE, which was proposed independently by Yang [17,18] and Baxter [3], applies in many
branches of physics and mathematics. Let
∨
R(u,x, y) with det(
∨
R(u,x, y)) = 0 be an n2 ×n2 com-
plex meromorphic function matrix with three independence complex variables u, x, y. Here, and
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but it may have zero points in C3. We define
∨
R12(u, x, y) = ∨R(u,x, y) ⊗ E, ∨R23(u, x, y) = E ⊗ ∨R(u,x, y),
where ⊗ means the tensor product of two matrices. By the quantum coloured Yang–Baxter equa-
tion (QCYBE) we mean the matrix equation
∨
R12(u, x, y)
∨
R23(u + v, x, z) ∨R12(v, y, z)
= ∨R23(v, y, z) ∨R12(u + v, x, z) ∨R23(u, x, y). (1.2)
The QCYBE (1.2) depends on both the spectral parameters u, v and the colour parameters x, y,
z, and when it is independent of the colour parameters x, y, z, it reduces to the usual YBE (1.1).
This type of YBE is a very important equation in mathematical physics. It is relevant to sta-
tistics physics, quantum groups, quantum field theory, lower dimension topology, knot theory
and etc. (see, e.g., [1,2,4,6–14,19]). For the QCYBE, one of the most important basic prob-
lems is to solve it. For instance, it is known that to give an exact solution of a statistical model
from physics, one must solve the corresponding YBE. So, up to now, a lot of research interest
have been paid to find exact solutions for this type of YBE (see, e.g., [5,9,12,15]). And for the
most interesting example in physics with
∨
R(u,x, y) to be the so-called eight-vertex type of the
form
∨
R(u,x, y) =
⎛
⎜⎝
∗ 0 0 ∗
0 ∗ ∗ 0
0 ∗ ∗ 0
∗ 0 0 ∗
⎞
⎟⎠ ,
many useful results have been achieved (see, e.g., [16]).
Using the bi-indices symbols (1,1), . . . , (1, n), . . . , (n,1), . . . , (n,n) for the rows and
columns in the matrix
∨
R(u,x, y), we can write
∨
R(u,x, y) =
⎛
⎝
∨
R11(u, x, y) · · · ∨R1n(u, x, y)
...
...∨
Rn1(u, x, y) · · · ∨Rnn(u, x, y)
⎞
⎠=
n∑
i,j=1
Eij ⊗ ∨Rij (u, x, y),
where
Eij =
⎛
⎝
δ1iδ1j · · · δ1iδnj
...
...
δniδ1j · · · δniδnj
⎞
⎠= e′iej , 1 i, j  n,
with ei being the ith unit row vector, and
∨
Rij (u, x, y) =
⎛
⎜⎝
∨
ri1j1(u, x, y) · · · ∨ri1jn(u, x, y)
...
...
∨
rinj1(u, x, y) · · · ∨rinjn(u, x, y)
⎞
⎟⎠=
n∑
k,=1
∨
rikj(u, x, y)Ek.
Thus
∨
R(u,x, y) =
n∑ ∨
rikj(u, x, y)Eij ⊗ Ek.i,j,k,=1
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EijEk = δjkEi, 1 i, j, k,  n.
By this and using the matrix entries ∨rikj(u, x, y), 1 i, j, k,  n, the matrix equation (1.2) can
be transformed to the following function equation system
n∑
p,q,r=1
∨
r
ij
qp(u, x, y)
∨
r
pk
rc (u + v, x, z)∨r qrab (v, y, z)
=
n∑
p,q,r=1
∨
r
qp
bc (u, x, y)
∨
r
ir
aq(u + v, x, z)∨r jkrp (v, y, z), (1.3)
where i, j, k, a, b, c = 1, . . . , n.
Clearly, (1.3) consists of n6 equations with n4 meromorphic functions as unknowns, and our
problem now becomes to solve the nonlinear function equation system (1.3). Obviously, it is
difficult to give efficient systematic methods to obtain the general solution of (1.3).
The purpose of this series of papers is to display a new method for solving this type of
QCYBE, and to give an exact general solution of Eq. (1.2) when ∨R(u,x, y) is an 4 × 4 upper
triangle matrix
∨
R(u,x, y) =
⎛
⎜⎜⎜⎝
∨
r1111
∨
r1112
∨
r1121
∨
r1122
∨
r1211
∨
r1212
∨
r1221
∨
r1222
∨
r2111
∨
r2112
∨
r2121
∨
r2122
∨
r2211
∨
r2212
∨
r2221
∨
r2222
⎞
⎟⎟⎟⎠ ,
which is abbreviated as, throughout this paper,
⎛
⎜⎝
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44
⎞
⎟⎠ , (1.4)
where
aij (u, x, y) = 0 for 1 j < i  4, and aii(u, x, y) = 0, for 1 i  4. (1.5)
We note here that our method also applies to the lower triangle case. So our results will
contain some cases of the eight-vertex type solutions as a special case. Notice that, by
(1.3), if f (u, x, y) = 0 is a meromorphic function and if ∨R(u,x, y) satisfies (1.2), then
f (u, x, y)
∨
R(u,x, y) also satisfies (1.2). Thus, for ∨r1111(u, x, y) = 0, to find a general solution
of the QCYBE (1.2), we can assume without loss of generality that
a11(u, x, y) = ∨r1111(u, x, y) = 1.
Throughout this paper, we will always use the symbol
p(u,x, y) = a44(u, x, y) − a22(u, x, y)a33(u, x, y). (1.6)
We will divide our discussion into four parts according as the functions p(u,x, y) and
a23(u, x, y) are zero or not. The discussion for the case of a23(u, x, y)p(u, x, y) = 0 forms the
theme of the present paper. Our main result in this paper is the following
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a23(u, x, y) = 0, p(u, x, y) = a44(u, x, y) − a22(u, x, y)a33(u, x, y) = 0.
Then, when all the aij (u, x, y) are transformed by the multiplication by the function so that
a11(u, x, y) = 1, the general solution of the quantum coloured Yang–Baxter equation (1.2) can
be expressed as
a22(u, x, y) = exp(α2u)M2(x)/M2(y),
a33(u, x, y) = exp(α3u)M3(x)/M3(y),
a44(u, x, y) = M4(x)/M4(y),
a12(u, x, y) = a22(u, x, y)L(y) − L(x),
a23(u, x, y) = cM4(y)p(u, x, y),
a34(u, x, y) = a44(u, x, y)L(y) − a33(u, x, y)L(x),
a13(u, x, y) = a33(u, x, y)L(x) − L(y) + a23(u, x, y)L(y),
a24(u, x, y) = a44(u, x, y)L(x) − a23(u, x, y)L(x) − a22(u, x, y)L(y),
a14(u, x, y) = −a33(u, x, y)L(x)L(x) + L(x)L(y) + a44(u, x, y)L(x)L(y)
− a23(u, x, y)L(x)L(y) − a22(u, x, y)L(y)L(y),
where α2, α3 and c = 0 are complex constants, M2(x) = 0, M3(x) = 0, M4(x) = 0 and L(x)
are arbitrary meromorphic functions of complex variable x ∈ C such that M4(x)
M2(x)M3(x)
is not a
constant when α2 + α3 = 0.
2. Classification of (1.3)
To solve equation system (1.3), we first group the equations in it, with the a’s in (1.4) instead
of the ∨r’s, into the following five categories (B1)–(B5). This can be done as follows. We first
display all the 28 = 64 equations from (1.3), each of which has eight terms on both sides. Sec-
ondly, we use 0 instead of aij (u, x, y) for 1 j < i  4 getting “shorter” equations in which the
number of terms on both sides less than 2 × 8 = 16 in total. Then we omit the trivial equations,
and get 24 nontrivial remaining ones. Finally, we group the 24 remaining equations according
to the statement at the beginning of each category and get the equation systems (B1)–(B5) as
follows.
(B1) The function equations only with diagonal unknowns:
a22(u + v, x, z) = a22(u, x, y)a22(v, y, z), (E1)
a33(u + v, x, z) = a33(u, x, y)a33(v, y, z), (E2)
a44(u + v, x, z) = a44(u, x, y)a44(v, y, z). (E3)
(B2) The function equations only with unknowns on the diagonal and on the line a12, a23 and
a34 in the matrix (1.4):
a12(u + v, x, z) = a12(u, x, y) + a22(u, x, y)a12(v, y, z), (E4)
a23(u + v, x, z) = a23(u, x, y) + a22(u, x, y)a33(u, x, y)a23(v, y, z), (E5)
a34(u + v, x, z) = a33(v, y, z)a34(u, x, y) + a44(u, x, y)a34(v, y, z), (E6)
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+ a44(u + v, x, z)a23(v, y, z), (E7)
a33(v, y, z)a23(u + v, x, z)a12(u, x, y) + a22(u, x, y)a23(u + v, x, z)a34(v, y, z)
= a33(v, y, z)a23(u, x, y)a12(u + v, x, z)
+ a22(u, x, y)a23(v, y, z)a34(u + v, x, z). (E8)
(B3) The function equations with unknown a13 and the unknowns in (B2):
a13(u + v, x, z) − a23(v, y, z)a13(u + v, x, z)
= a33(v, y, z)a13(u, x, y) + a13(v, y, z) − a23(u + v, x, z)a13(v, y, z)
+ a33(u + v, x, z)a23(v, y, z)a12(u, x, y), (E9)
a22(v, y, z)a13(u + v, x, z)
= a13(u, x, y) + a22(u + v, x, z)a33(u, x, y)a13(v, y, z) + a33(u, x, y)a12(u + v, x, z)
− a22(v, y, z)a33(u + v, x, z)a12(u, x, y) − a12(v, y, z)
+ a23(u, x, y)a12(v, y, z), (E10)
a44(v, y, z)a13(u + v, x, z)
= a33(v, y, z)a13(u, x, y) + a44(u + v, x, z)a13(v, y, z)
+ a33(v, y, z)a23(u, x, y)a12(v, y, z) − a33(v, y, z)a44(v, y, z)a34(u, x, y)
− a34(v, y, z) + a34(u + v, x, z). (E11)
(B4) The function equations with unknowns a13, a24 and the unknowns in (B2):
a24(u + v, x, z)
= a24(u, x, y) + a22(u, x, y)a44(u, x, y)a24(v, y, z)
+ a22(u, x, y)a34(u, x, y)a23(v, y, z) + a44(u, x, y)a12(u + v, x, z)
− a44(u + v, x, z)a12(u, x, y) − a22(u, x, y)a12(v, y, z), (E12)
a33(u, x, y)a44(v, y, z)a24(u + v, x, z)
= a22(v, y, z)a33(u + v, x, z)a24(u, x, y) + a44(u, x, y)a44(u + v, x, z)a24(v, y, z)
+ a22(v, y, z)a44(u, x, y)a34(u + v, x, z) + a44(u + v, x, z)a23(v, y, z)a34(u, x, y)
− a44(v, y, z)a44(u + v, x, z)a34(u, x, y) − a22(u + v, x, z)a33(u, x, y)a34(v, y, z),
(E13)
a44(v, y, z)a23(u, x, y)a24(u + v, x, z) − a44(u + v, x, z)a24(u + v, x, z)
= a44(v, y, z)a23(u + v, x, z)a24(u, x, y) − a44(v, y, z)a44(u + v, x, z)a24(u, x, y)
− a22(u, x, y)a44(u + v, x, z)a24(v, y, z) − a22(u + v, x, z)a23(u, x, y)a34(v, y, z),
(E14)
a22(u + v, x, z)a13(u + v, x, z)
− a22(u + v, x, z)a33(v, y, z)a13(u, x, y) − a22(u + v, x, z)a13(v, y, z)
= a23(v, y, z)a24(u + v, x, z) − a22(u, x, y)a23(u + v, x, z)a24(v, y, z)
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(E15)
a33(u, x, y)a33(v, y, z)a24(u + v, x, z) − a33(u + v, x, z)a44(v, y, z)a24(u, x, y)
− a22(u, x, y)a33(u + v, x, z)a24(v, y, z)
= a44(v, y, z)a23(u, x, y)a13(u + v, x, z) − a33(v, y, z)a23(u + v, x, z)a13(u, x, y)
+ a23(u, x, y)a34(v, y, z) − a23(u, x, y)a34(v, y, z)a23(u + v, x, z), (E16)
a33(u, x, y)a23(v, y, z)a24(u + v, x, z) − a23(u + v, x, z)a24(v, y, z)
+ a23(u, x, y)a23(u + v, x, z)a24(v, y, z)
= −a22(v, y, z)a23(u, x, y)a13(u + v, x, z) + a44(v, y, z)a23(u + v, x, z)a13(u, x, y)
− a23(v, y, z)a23(u + v, x, z)a13(u, x, y). (E17)
Note that (E12)–(E14) contain a24, but do not contain a13. However, (E15)–(E17) contain
both a13 and a24.
(B5) The remaining ones from (1.3), which all contain the unknown a14:
a23(v, y, z)a14(u + v, x, z)
= a22(u, x, y)a23(u + v, x, z)a14(v, y, z) + a12(u, x, y)a13(u + v, x, z)
+ a22(u, x, y)a12(v, y, z)a13(u + v, x, z) − a33(v, y, z)a12(u + v, x, z)a13(u, x, y)
+ a23(u + v, x, z)a12(u, x, y)a13(v, y, z) − a12(u + v, x, z)a13(v, y, z)
− a23(v, y, z)a12(u, x, y)a34(u + v, x, z), (E18)
a22(v, y, z)a14(u + v, x, z)
= a14(u, x, y) + a22(u + v, x, z)a44(u, x, y)a14(v, y, z)
+ a22(u + v, x, z)a34(u, x, y)a13(v, y, z) + a12(v, y, z)a24(u, x, y)
+ a34(u, x, y)a12(u + v, x, z) + a44(u, x, y)a12(v, y, z)a12(u + v, x, z)
− a12(v, y, z)a12(u + v, x, z) − a22(v, y, z)a12(u, x, y)a34(u + v, x, z), (E19)
a44(v, y, z)a23(u, x, y)a14(u + v, x, z)
= a33(v, y, z)a23(u + v, x, z)a14(u, x, y) + a33(v, y, z)a34(u, x, y)a24(u + v, x, z)
+ a44(u, x, y)a34(v, y, z)a24(u + v, x, z) + a23(u + v, x, z)a34(v, y, z)a24(u, x, y)
− a44(v, y, z)a34(u + v, x, z)a24(u, x, y) − a22(u, x, y)a34(u + v, x, z)a24(v, y, z)
− a23(u, x, y)a34(v, y, z)a12(u + v, x, z), (E20)
a33(u, x, y)a44(v, y, z)a14(u + v, x, z)
= a33(u + v, x, z)a14(u, x, y) + a44(u, x, y)a44(u + v, x, z)a14(v, y, z)
+ a44(u + v, x, z)a34(u, x, y)a13(v, y, z) + a33(u + v, x, z)a12(v, y, z)a24(u, x, y)
+ a34(u, x, y)a34(u + v, x, z) + a44(u, x, y)a12(v, y, z)a34(u + v, x, z)
− a44(v, y, z)a34(u, x, y)a34(u + v, x, z) − a33(u, x, y)a34(v, y, z)a12(u + v, x, z),
(E21)
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= a33(u + v, x, z)a44(v, y, z)a14(u, x, y) − a23(u, x, y)a23(u + v, x, z)a14(v, y, z)
+ a14(v, y, z) + a44(v, y, z)a13(u, x, y)a13(u + v, x, z)
+ a24(v, y, z)a13(u + v, x, z) − a13(u, x, y)a13(u + v, x, z)
− a23(u, x, y)a12(v, y, z)a13(u + v, x, z) + a34(v, y, z)a13(u, x, y)
− a23(u + v, x, z)a13(u, x, y)a13(v, y, z) − a33(u, x, y)a13(v, y, z)a24(u + v, x, z)
+ a33(u + v, x, z)a12(u, x, y)a24(v, y, z), (E22)
a22(v, y, z)a44(u, x, y)a14(u + v, x, z)
= a44(v, y, z)a44(u + v, x, z)a14(u, x, y) − a23(v, y, z)a23(u + v, x, z)a14(u, x, y)
+ a22(u + v, x, z)a14(v, y, z) − a22(v, y, z)a24(u, x, y)a13(u + v, x, z)
+ a22(u + v, x, z)a34(v, y, z)a13(u, x, y) + a44(v, y, z)a13(u, x, y)a24(u + v, x, z)
− a23(v, y, z)a34(u, x, y)a24(u + v, x, z) − a44(u, x, y)a24(v, y, z)a24(u + v, x, z)
+ a24(v, y, z)a24(u + v, x, z) + a44(u + v, x, z)a12(u, x, y)a24(v, y, z)
− a23(u + v, x, z)a24(u, x, y)a24(v, y, z), (E23)
a34(u, x, y)a14(u + v, x, z) + a44(u, x, y)a12(v, y, z)a14(u + v, x, z)
− a24(v, y, z)a14(u + v, x, z) − a44(v, y, z)a13(u, x, y)a14(u + v, x, z)
= a44(v, y, z)a34(u + v, x, z)a14(u, x, y) − a13(u + v, x, z)a14(u, x, y)
− a13(v, y, z)a23(u + v, x, z)a14(u, x, y) − a23(u + v, x, z)a24(u, x, y)a14(v, y, z)
− a44(u, x, y)a24(u + v, x, z)a14(v, y, z) + a12(u + v, x, z)a14(v, y, z)
+ a12(u + v, x, z)a34(v, y, z)a13(u, x, y) − a12(v, y, z)a24(u, x, y)a13(u + v, x, z)
− a34(u, x, y)a13(v, y, z)a24(u + v, x, z) + a12(u, x, y)a34(u + v, x, z)a24(v, y, z).
(E24)
For equation system (B1), we have the following
Lemma 2.1. The general solution of the function equation system (B1) is given by
⎧⎨
⎩
a22(u, x, y) = exp(α2u)M2(x)/M2(y),
a33(u, x, y) = exp(α3u)M3(x)/M3(y),
a44(u, x, y) = exp(α4u)M4(x)/M4(y),
(2.1)
where Mi(x) = 0 are meromorphic functions, and αi are arbitrary complex constants, i = 2,3,4.
Proof. In view of the similarity of (E1)–(E3), it is sufficient to find the general solution of the
function equation
f (u + v, x, z) = f (u, x, y)f (v, y, z),
where f (u, x, y) = 0 is an unknown meromorphic function. Let g(u, x, y) = logf (u, x, y), then
g(u + v, x, z) = g(u, x, y) + g(v, y, z). (2.2)
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f (u, x, y) excluding the zero points in C3. We may assume that (0,0,0) is in the domain of
g(u, x, y) without loss of generality. By setting x = y = z = 0 in (2.2) we get
g(u + v,0,0) = g(u,0,0) + g(v,0,0), (2.3)
and so prove that g(u,0,0) = αu, where α is a complex constant. Let f (0, x,0) = M(x),
f (0,0, x) = M0(x). Note that M(0) = f (0,0,0) = 1. By (2.2) with v = 0 and y = 0 we
have g(u, x, z) = g(u, x,0) + logM0(z); and (2.2) with u = y = z = 0 yields g(v, x,0) =
logM(x) + g(v,0,0). Inserting this with v replaced by u into the former, and replacing z by y,
we get
g(u, x, y) = g(u,0,0) + logM(x) + logM0(y). (2.4)
Using (2.4) to rewrite (2.2) we get
g(u + v,0,0) = g(u,0,0) + g(v,0,0) + logM(y) + logM0(y).
This together with (2.3) proves M(y)M0(y) = 1. Therefore (2.4) gives g(u, x, y) = αu +
logM(x) − logM(y), and so the general solution for f (u, x, y) is given by
f (u, x, y) = exp(αu)M(x)/M(y),
where M(x) is an arbitrary meromorphic function satisfying M(0) = 1, so M(x) = 0, as de-
sired. 
Note. The novelty of our Lemma 2.1 compared with (1.8) of [15] is that we do not need the
differentiability of f (u, x, y) in our proof.
3. The solutions of the function equation system (B2)
In the sequel, we need to assume further that
p(u,x, y)a23(u, x, y) = 0. (3.1)
In this section, we consider the function equation system (B2). By (1.6), (E3) and (E5), we can
write (E7) as p(v, y, z)a23(u, x, y) = p(u,x, y)a44(v, y, z)a23(v, y, z); using (3.1) this can be
rewritten as
a23(u, x, y)
p(u, x, y)
= a44(v, y, z)a23(v, y, z)
p(v, y, z)
. (3.2)
Note that the right-hand side of (3.2) is irrelevant to the variables u and x. So the left-hand side
of it, i.e., a23(u,x,y)
p(u,x,y)
is also independent of u and x as the right. Thus we have
a23(u, x, y)
p(u, x, y)
= L1(y), (3.3)
where L1(y) = 0 is a meromorphic function. This in combination with (3.2) yields
L1(y) = a44(v, y, z)L1(z). (3.4)
Again, using the third equality in (2.1) to replace the a44(v, y, z) in (3.4), we see that the α4 in
Lemma 2.1 is, by (3.1),
α4 = 0, (3.5)
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L1(y)
M4(y)
= L1(z)
M4(z)
. By this, we get
L1(y) = cM4(y),
where c is a nonzero complex constant. Therefore by (3.3),
a23(u, x, y) = cM4(y)p(u, x, y). (3.6)
Next, by (E4)–(E6) and (1.6), we see that (E8) is
a23(u, x, y)
[
a34(v, y, z) − a33(v, y, z)a12(v, y, z)
]− p(u,x, y)a23(v, y, z)a34(v, y, z)
= [a34(u, x, y) − a33(u, x, y)a12(u, x, y)
]
a33(v, y, z)a23(v, y, z).
Using (3.6), this can be rewritten as
a23(u, x, y)
[
a34(v, y, z) − a33(v, y, z)a12(v, y, z) − c−1M4(y)−1a23(v, y, z)a34(v, y, z)
]
= [a34(u, x, y) − a33(u, x, y)a12(u, x, y)
]
a33(v, y, z)a23(v, y, z).
In view of a23(u, x, y) = 0, similarly to the above, this implies that there exists a meromorphic
function L2(y) such that
a34(u, x, y) − a33(u, x, y)a12(u, x, y) = a23(u, x, y)L2(y), (3.7)
and
a34(v, y, z) − a33(v, y, z)a12(v, y, z) − c−1M4(y)−1a23(v, y, z)a34(v, y, z)
= a33(v, y, z)a23(v, y, z)L2(y). (3.8)
By (3.7) we have a34(v, y, z) = a33(v, y, z)a12(v, y, z)+a23(v, y, z)L2(z). Using the right-hand
side of this to replace the a34(v, y, z) in (3.8), and then using (3.6), (1.6) and the third equality
in (2.1) with α4 = 0, (3.8) can be simplified, and leads to
a12(u, x, y) = cM4(y)a22(u, x, y)L2(y) − cM4(x)L2(x).
This together with (3.7), (3.6) and (1.6) gives a34(u, x, y) = cM4(y)a44(u, x, y)L2(y) −
cM4(x)a33(u, x, y)L2(x). Let L(x) = cM4(x)L2(x). We conclude that, under (3.1),
a34(u, x, y) = a44(u, x, y)L(y) − a33(u, x, y)L(x), (3.9)
and
a12(u, x, y) = a22(u, x, y)L(y) − L(x). (3.10)
Finally, we can summarize the above discussions to give the following
Lemma 3.1. Let a22(u, x, y), a33(u, x, y), a44(u, x, y) and M4(y) be as in Lemma 2.1 and
p(u,x, y) be given by (1.6). Assume (3.1). Then the general solution of the function equation
system (B2) can be expressed as
a12(u, x, y) = a22(u, x, y)L(y) − L(x),
a23(u, x, y) = cM4(y)p(u, x, y),
a34(u, x, y) = a44(u, x, y)L(y) − a33(u, x, y)L(x),
where L(x) is a meromorphic function, c is a nonzero complex constant.
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In this section, we consider (B3) to give the general solution for a13(u, x, y). Consider the
difference of (E11)× a22(v, y, z) and (E10)× a44(v, y, z), use (E1)–(E3), (E4) and (E6) for the
substitutions of aii(u + v, x, z), a12(u + v, x, z) and a34(u + v, x, z) respectively, then simplify
by (1.6), Lemma 3.1 and the equality a34(u, x, y) = a33(u, x, y)a12(u, x, y) + p(u,x, y)L(y),
which follows from (3.6) and (3.7). We finally get
p(u,x, y)
[
a22(v, y, z)a44(v, y, z)a13(v, y, z) + a22(v, y, z)a44(v, y, z)L(z)
− a22(v, y, z)a33(v, y, z)a44(v, y, z)L(y) − p(v, y, z)cM4(y)a12(v, y, z)
]
= p(v, y, z)[L(y) + a13(u, x, y) − a33(u, x, y)L(x)
]
,
where L(x) and c are as in Lemma 3.1. In view of p(u,x, y) = 0, this implies that there exists a
meromorphic function L3(y) such that
a13(u, x, y) = a33(u, x, y)L(x) − L(y) + p(u,x, y)L3(y),
and
cM4(y)a12(v, y, z) = a22(v, y, z)a44(v, y, z)L3(z) − L3(y).
Since a12(v, y, z) = a22(v, y, z)L(z) − L(y) by (3.10), we get from the later, using
a44(v, y, z) = M4(y)M4(z) ,
L3(y) − cM4(y)L(y) = a22(v, y, z)a44(v, y, z)
[
L3(z) − cM4(z)L(z)
]
.
By (2.1) with α4 = 0, this can be written further as
L3(y) − cM4(y)L(y)
M2(y)M4(y)
= exp(α2v)L3(z) − cM4(z)L(z)
M2(z)M4(z)
.
This proves that L3(y) = cM4(y)L(y) + c′M2(y)M4(y), where c′ is a complex constant such
that c′α2 = 0. Using c′c to replace c′, where c is as in Lemma 3.1, we get, by (3.6),
a13(u, x, y) = a33(u, x, y)L(x) − L(y) + a23(u, x, y)L(y) + c′M2(y)a23(u, x, y), (4.1)
where c′ is also a complex constant such that
c′α2 = 0.
Obviously, (E10) and (E11) hold for the solution of a13 given by (4.1). Next, for the validity of
(E9) to the solution of a13 given by (4.1), we substitute the unknown a13 by (4.1), then cancel
and simplify by Lemma 3.1, (E2), (E3), (E5) and the first equality in (2.1), getting
c′a23(u, x, y)
[
1 − exp(−α2v)a22(v, y, z)a33(v, y, z)
]
= c′a23(v, y, z)
[
1 − a22(u, x, y)a33(u, x, y)
]
. (4.2)
If c′ = 0, then (4.2) (so (E9)) always holds. If c′ = 0 (so α2 = 0), then using a23(u, x, y) = 0
we see that, by (4.2), there is a complex constant c′′ such that 1 − a22(u, x, y)a33(u, x, y) =
c′′a23(u, x, y). We conclude the above arguments to give the following lemma.
Lemma 4.1. Let a22(u, x, y), a33(u, x, y), M2(y) be as in Lemma 2.1, and a23(u, x, y), L(x) as
in Lemma 3.1. Assume (3.1). Then the general solution of a13(u, x, y) to the function equation
system (B3) can be expressed as
a13(u, x, y) = a33(u, x, y)L(x) − L(y) + a23(u, x, y)L(y) + c′M2(y)a23(u, x, y). (4.3)
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there exists a complex constant c′′ satisfying 1 − a22(u, x, y)a33(u, x, y) = c′′a23(u, x, y).
5. The function equation system (B4)
In this section, we consider the general solution of (B4). By (E12), and using (E1)–(E4), (E6),
(1.6), (3.2) and (3.9), we can write (E13) as
p(u,x, y)a44(u, x, y)
[
a44(v, y, z)
2L(y) − a44(v, y, z)a23(v, y, z)L(y)
− a44(v, y, z)a24(v, y, z) − a22(v, y, z)a44(v, y, z)L(z)
]
= p(v, y, z)[a33(u, x, y)a44(u, x, y)L(x) − a33(u, x, y)a24(u, x, y)
− a22(u, x, y)a33(u, x, y)L(y) − a33(u, x, y)a23(u, x, y)L(x)
]
.
Thus there exists a meromorphic function L4(y) such that
a24(u, x, y) = a44(u, x, y)L(x) − a22(u, x, y)L(y) − a23(u, x, y)L(x)
− a33(−u,y, x)p(u, x, y)a44(u, x, y)L4(y)
and a33(−u,y, x)a44(u, x, y)2L4(y) = L4(x). The later together with (2.1) with α4 = 0 implies
that L4(x) = c0 M4(x)2M3(x) , thus
a24(u, x, y) = a44(u, x, y)L(x) − a23(u, x, y)L(x) − a22(u, x, y)L(y)
− c0p(u,x, y)M4(x)M4(y)
M3(x)
, (5.1)
where c0 is a complex constant such that c0α3 = 0. Now, (E12) clearly holds to the solution of
a24(u, x, y) given by (5.1). Again substituting (5.1) into (E14), then cancelling and simplifying
by (E5), (3.2) and (3.9), we get
−c0p(u + v, x, z)a44(v, y, z)a23(u, x, y)M4(x)M4(z)/M3(x)
+ c0p(u + v, x, z)a44(u + v, x, z)M4(x)M4(z)/M3(x)
= −c0p(u,x, y)a44(v, y, z)a23(u + v, x, z)M4(x)M4(y)/M3(x)
+ c0p(u,x, y)a44(v, y, z)a44(u + v, x, z)M4(x)M4(y)/M3(x)
+ c0p(v, y, z)a22(u, x, y)a44(u + v, x, z)M4(y)M4(z)/M3(y). (5.2)
Note that, by (1.6) and (E1)–(E3), we have
p(u + v, x, z) = p(u,x, y)a44(v, y, z) + a22(u, x, y)a33(u, x, y)p(v, y, z), (5.3)
and, by (E5) and (3.2), we have
p(u,x, y)a44(v, y, z)a23(u + v, x, z)
= p(u,x, y)a44(v, y, z)a23(u, x, y) + p(v, y, z)a22(u, x, y)a33(u, x, y)a23(u, x, y).
These together with a44(v, y, z) = M4(y)/M4(z) ensure a cancellation of the first term on the
right-hand side of (5.2) and the first term on the left, so (5.2) becomes, by (5.3),
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(
p(u,x, y)a44(v, y, z) + a22(u, x, y)a33(u, x, y)p(v, y, z)
)
× a44(u + v, x, z)M4(x)M4(z)/M3(x)
= c0p(u,x, y)a44(v, y, z)a44(u + v, x, z)M4(x)M4(y)/M3(x)
+ c0p(v, y, z)a22(u, x, y)a44(u + v, x, z)M4(y)M4(z)/M3(y).
This can be rewritten as, by (E3) and (2.1),
c0
[
a44(u, x, y) − exp(−α3u)
]
a22(u, x, y)a33(u, x, y)p(v, y, z)
= c0
[
a44(v, y, z) − 1
]
a44(v, y, z)a44(u, x, y)p(u, x, y). (5.4)
To ensure the validity of (E15), we use Lemma 4.1 and (5.1) for the substitution of a13 and
a24 respectively, then use (E1), (E2), (E5), (1.6), (3.2) and (3.10) to cancel and simplify, getting
c′a22(u + v, x, z)a23(u + v, x, z)M2(z)
− c′a22(u + v, x, z)a33(v, y, z)a23(u, x, y)M2(y)
− c′a22(u + v, x, z)a23(v, y, z)M2(z)
= −c0p(u + v, x, z)a23(v, y, z)M4(x)M4(z)/M3(x)
+ c0p(v, y, z)a22(u, x, y)a23(u + v, x, z)M4(y)M4(z)/M3(y).
Again, using (E5) and (3.6) to replace the a23(u + v, x, z) on the left- and the right-hand side
respectively, the above can be rewritten as, by (2.1),
c′M2(x)
[
exp(α2u)a22(v, y, z)a33(v, y, z) − exp
(
α2(u + v)
)]
a23(u, x, y)
− c′M2(x)
[
exp
(
α2(u + v)
)
a22(u, x, y)a33(u, x, y) − exp
(
α2(u + v)
)]
a23(v, y, z)
= cc0 M4(y)M4(z)
2
M3(x)
p(u + v, x, z)p(v, y, z)
× (a44(u, x, y) − exp(−α3u)a22(u, x, y)a33(u, x, y)
)
. (5.5)
Next, using Lemma 4.1 and (5.1) for the substitution of a13 and a24, then cancelling and
simplifying by (E1)–(E3), (E5) and (3.9), we can write (E16) as
−c0p(u + v, x, z)a33(u, x, y)a33(v, y, z)M4(x)M4(z)/M3(x)
+ c0p(u,x, y)a33(u, x, y)a33(v, y, z)a44(v, y, z)M4(x)M4(y)/M3(x)
+ c0p(v, y, z)a22(u, x, y)a33(u, x, y)a33(v, y, z)M4(y)M4(z)/M3(y)
= c′M2(z)a44(v, y, z)a23(u, x, y)a23(u + v, x, z)
+ c′M2(y)a33(v, y, z)a23(u, x, y)a23(u + v, x, z). (5.6)
By (5.3) and (2.1), this can be written further as
c0p(u,x, y)a44(u + v, x, z) exp
(
α3(u + v)
)(
a44(v, y, z) − 1
)
M4(y)M4(z)/M3(z)
+ c0p(v, y, z)a22(u, x, y)a33(u, x, y)
(
exp(α3v) − exp
(
α3(u + v)
)
a44(u, x, y)
)
× M4(y)M4(z)/M3(z)
= c′M2(z)a23(u, x, y)a23(u + v, x, z)
× (a44(v, y, z) − exp(−α2v)a22(v, y, z)a33(v, y, z)
)
. (5.7)
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then cancel and simplify by (E1)–(E3), (E5), (1.6) and (3.2), getting
−c0p(u + v, x, z)a33(u, x, y)a23(v, y, z)M4(x)M4(z)/M3(x)
+ c0p(v, y, z)a23(u + v, x, z)M4(y)M4(z)/M3(y)
− c0p(v, y, z)a23(u, x, y)a23(u + v, x, z)M4(y)M4(z)/M3(y)
= −c′M2(z)a22(v, y, z)a23(u, x, y)a23(u + v, x, z)
+ c′M2(y)a44(v, y, z)a23(u, x, y)a23(u + v, x, z)
− c′M2(y)a23(v, y, z)a23(u, x, y)a23(u + v, x, z). (5.8)
By (E5), (5.3) and (3.2), we have
p(v, y, z)a23(u + v, x, z) = p(u + v, x, z)a23(v, y, z). (5.9)
So by (2.1), the left-hand side of (5.8) is
= c0p(u + v, x, z)a23(v, y, z)
(
1 − exp(α3u)a44(u, x, y) − a23(u, x, y)
)
× M4(y)M4(z)/M3(y),
and the right-hand side is
= c′M2(y)a23(u, x, y)a23(u + v, x, z)
(
a44(v, y, z) − exp(α2v) − a23(v, y, z)
)
.
Thus, (5.8), or (E17), now becomes
c0p(u + v, x, z)a23(v, y, z)
(
1 − exp(α3u)a44(u, x, y) − a23(u, x, y)
)
M4(y)M4(z)
= c′M2(y)M3(y)a23(u, x, y)a23(u + v, x, z)
(
a44(v, y, z) − exp(α2v) − a23(v, y, z)
)
.
(5.10)
Now we divide our discussion into the following 4 cases to prove that (4.3) and (5.1) can be
the solutions of a13 and a24 respectively if and only if both c′ and c0 in them are 0.
Case (i). Assume that c0 = c′ = 0. Then, for the solutions of a13 and a24 given by (4.3) and
(5.1) respectively, (5.4), (5.5), (5.7) and (5.10) clearly hold, so assure the validity of (E14)–(E17).
Case (ii). Assume that c0 = 0, c′ = 0. Then by c0α3 = 0 there must hold α3 = 0, so the right-
hand side of (5.5) does not equal to 0 by assumption (3.1). However, the left-hand side of (5.5)
is clearly = 0 since c′ = 0 in this case. This assures that there is no this kind of solutions with
c0 = 0, c′ = 0.
Case (iii). Assume that c0 = 0, c′ = 0. Then we must have α2 = 0 by Lemma 4.1, so the right-
hand side of (5.7) is not equal to 0 by (3.1), but the left is by c0 = 0. This also shows that there
certainly does not exist this kind of solutions.
Case (iv). Assume that c0c′ = 0. Then we have α2 = α3 = 0, and so the right-hand side of
(5.7) is = 0 by (3.1). However, the left-hand side of it is
= h(u, v, x, y, z)c0M4(y)M4(z)/M3(z), (5.11)
where
h(u, v, x, y, z) = p(u,x, y)a44(u + v, x, z)
(
a44(v, y, z) − 1
)
+ p(v, y, z)a22(u, x, y)a33(u, x, y)
(
1 − a44(u, x, y)
)
.
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[
a44(u, x, y) − 1
]
a22(u, x, y)a33(u, x, y)p(v, y, z)
= [a44(v, y, z) − 1
]
a44(v, y, z)a44(u, x, y)p(u, x, y).
This implies that there exists a meromorphic function L5(y) satisfying[
a44(u, x, y) − 1
]
a44(u, x, y) = p(u,x, y)L5(x) (5.12)
and a22(u, x, y)a33(u, x, y)L5(x) = a44(u, x, y)2L5(y). The later together with (2.1) ensures
further that
L5(x) = c′0
M4(x)2
M2(x)M3(x)
,
where c′0 is a complex constant. This in combination with (5.12) and (3.6) gives
a44(u, x, y) − 1 = c−1c′0a23(u, x, y)
M4(x)
M2(x)M3(x)
.
Using this, together with (E3), we get
h(u, v, x, y, z) = p(u,x, y)a44(u, x, y)a44(v, y, z)a23(v, y, z)c−1c′0
M4(y)
M2(y)M3(y)
− p(v, y, z)a22(u, x, y)a33(u, x, y)a23(u, x, y)c−1c′0
M4(x)
M2(x)M3(x)
= 0.
Thus, (5.11), and so the left-hand side of (5.7) is = 0. This again shows that there is no solution
for a13 and a24 of the forms given by (4.3) and (5.1) respectively when c′c0 = 0.
In conclusion, we proved the following
Lemma 5.1. Let a22(u, x, y), a33(u, x, y), a44(u, x, y) be as in Lemma 2.1, and L(x), a23(u, x, y)
be as in Lemma 3.1. Assume (3.1). Then the general solution, for the unknowns a13 and a24, of
the function equation systems (B3) and (B4) can be given by
a13(u, x, y) = a33(u, x, y)L(x) − L(y) + a23(u, x, y)L(y),
and
a24(u, x, y) = a44(u, x, y)L(x) − a23(u, x, y)L(x) − a22(u, x, y)L(y).
6. The function equation system (B5)
In this last section, we consider the general solution for a14(u, x, y) in (B5), and then give a
general solution for the coloured quantum Yang–Baxter equation (1.2). Using (E19) to replace
the a14(u + v, x, z) in (E21), then replacing all the a12, a34 and a13, a24 on both sides by Lem-
mas 3.1 and 5.1, and then cancelling and simplifying by (E1)–(E3), (1.6) and (3.2), we arrive
at
p(v, y, z)a33(u, x, y)
[
a14(u, x, y) + a33(u, x, y)L(x)L(x) − L(x)L(y)
− a44(u, x, y)L(x)L(y) + a23(u, x, y)L(x)L(y) + a22(u, x, y)L(y)L(y)
]
= p(u,x, y)a44(u, x, y)a22(v, y, z)a44(v, y, z)
60 C. Qiu et al. / J. Math. Anal. Appl. 326 (2007) 46–61× [a14(v, y, z) + a33(v, y, z)L(y)L(y) − L(y)L(z)
− a44(v, y, z)L(y)L(z) + a23(v, y, z)L(y)L(z) + a22(v, y, z)L(z)L(z)
]
.
This together with (3.1) implies that there exists a meromorphic function L6(y) such that
a33(u, x, y)
[
a14(u, x, y) + a33(u, x, y)L(x)L(x) − L(x)L(y)
− a44(u, x, y)L(x)L(y) + a23(u, x, y)L(x)L(y) + a22(u, x, y)L(y)L(y)
]
= p(u,x, y)a44(u, x, y)L6(y), (6.1)
and a33(v, y, z)L6(y) = a22(v, y, z)a44(v, y, z)2L6(z). By (2.1) the later can be written further
as
exp
(
(α3 − α2)v
) L6(y)
M2(y)M4(y)2
M3(y)
= L6(z)
M2(z)M4(z)2
M3(z)
.
This shows that
L6(y) = c1 M2(y)M4(y)
2
M3(y)
,
where c1 is a complex constant such that c1α2 = c1α3. Hence by (6.1) and (2.1),
a14(u, x, y) = −a33(u, x, y)L(x)L(x) + L(x)L(y) + a44(u, x, y)L(x)L(y)
− a23(u, x, y)L(x)L(y) − a22(u, x, y)L(y)L(y)
+ c1p(u,x, y)M2(y)M4(x)M4(y)
M3(x)
exp(−α3u). (6.2)
Next we consider (E18). Substituting the unknowns a14, a13, a24, a12 and a34 on both sides of
(E18), by (6.2), Lemmas 5.1 and 3.1 respectively, then cancelling and simplifying by (E1)–(E3),
(E5) and (3.2), we get
c1a23(v, y, z)p(u + v, x, z) exp
(−α3(u + v)
)
M2(z)M4(x)M4(z)/M3(x)
= c1a22(u, x, y)a23(u + v, x, z)p(v, y, z) exp(−α3v)M2(z)M4(y)M4(z)/M3(y).
Using (2.1), (5.9) and (3.1), this can be written further as
c1a44(u, x, y) = c1a22(u, x, y)a33(u, x, y).
Therefore we derive c1 = 0 by (3.1), and by (6.2) we get
a14(u, x, y) = −a33(u, x, y)L(x)L(x) + L(x)L(y) + a44(u, x, y)L(x)L(y)
− a23(u, x, y)L(x)L(y) − a22(u, x, y)L(y)L(y). (6.3)
Now (E18), (E19) and (E21) clearly hold by the procedure producing (6.3). Further, the validity
of (E20) and (E22)–(E24) to the solutions given by (6.3), Lemmas 3.1 and 5.1 can be checked
straight forward: indeed, we only need to substitute the unknowns a14, a12, a34, a13 and a24 by
(6.3), Lemmas 3.1 and 5.1, then cancel by (E1)–(E3), (E5) and (3.2), as we did for (E18) above.
So we omit the details of the computations.
Finally, collecting the results of (6.3) and Lemmas 2.1, 3.1 and 5.1, and noting p(u,x, y) = 0,
we prove the theorem of this paper given at the end of Section 1.
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